Abstract-We model two-color high-order harmonic generation using a full 3-D nonadiabatic model and show that the presence of a weak perturbative near infrared pulse assisting a strong pulse of long wavelength increases the high-harmonic yield with one order of magnitude in the whole spectral range up to 160 eV. In addition, we demonstrate that it is possible to obtain a single attosecond pulse at the exit of the interaction region even by starting from two laser pulses of 50 fs each.
I. INTRODUCTION
R ECENTLY, due to the availability of powerful OPA systems, strong laser pulses in the mid-IR (MIR) spectral domain can be produced in many laboratories [1] - [4] . For high-order harmonic generation (HHG) this is an important achievement because it is known that the cutoff frequency at single-dipole level is governed by the E cutoff = I p + 3.17
4m ω 2 law, therefore strong MIR pulses would be advantageous to be used as fundamental pulses in HHG compared to the mostly used near-infrared (NIR) 800 nm pulses. However, the conversion efficiency of the HHG process drops as ∼ λ −5 -λ −6.5 [5] , [6] , and this is the reason why different techniques have been developed to increase HHG efficiency.
Most of the proposed methods to enhance the yield of HHG rely on the increase of the number of emitters. This can be achieved by expanding the interaction volume using a loose focusing geometry [7] - [11] , applying a laser beam with flat-top profile [12] , or by quasi phase-matching. Quasi-phase-matching has already been achieved in periodic gas jets [13] , in modulated hollow-core waveguides [14] - [16] , or by employing a counteror perpendicularly propagating weak assisting pulse [17] - [19] .
Naturally, increasing the cut-off of the high-harmonic spectrum without too high loss of yield is also an important problem to solve. Considering the source of the radiation, an obvious way is to use ionized medium to exploit its higher ionization potential using a capillary discharge [20] . Apart from the evident approach to use longer wavelength drivers [2] - [4] , a prevailing solution for cut-off extension is to combine the generating NIR/MIR beam with another one (or several others) of different wavelengths [21] - [27] . This latter is generally named as two-color HHG, and has the advantage of high tunability as the polarization [22] , [25] , the relative phase [21] and the wavelengths of the two pulses can be set, and this technique can also be combined with other methods of yield enhancement and single attosecond pulse (SAP) generation [8] , [23] .
In this paper we propose a novel version of the two-color HHG configuration, in which a strong MIR pulse plays the role of the driving pulse and is assisted by a much weaker NIR pulse. We present here the details of the gating effect due to the presence of the assisting NIR pulse: we begin by exploring the NIR influence from the single-dipole level at optical half-cycle temporal resolution, and proceed by presenting the macroscopic effects that arise during the propagation of the two pulses in the ionized gas medium. We discuss the main effects due to the presence of the weak NIR pulse, i.e. the modified temporal separation between successive emissions, trajectory shortening, modified ionization dynamics and driving pulse distortions, dominance of the off-axis contribution to the final harmonic power spectrum, and the gating mechanism leading to SAP production.
II. MODELING TOOLS AND INPUT PARAMETERS
We use a 3D non-adiabatic model first described in [28] which was extended [29] to be able to handle the two-color configuration for both the propagation of the fundamental pulses and the HHG. The simulation closely follows the real physical processes, and has three main steps: 1) the driving pulses are propagated through the medium by solving the wave equation
This is written in a frame moving with the pulse, it is discretized using the Crank-Nicholson scheme and solved in the Fourier space using the paraxial approximation and assuming cylindrical symmetry. The laser fields may ionize the noble gas medium and they propagate in the plasma created by their joint action. The space-and time-dependent effective refractive index η eff (r, z, t) includes the dispersion of neutral atoms, the optical Kerr-effect and plasma dispersion. In step 2) the single-dipole response of the medium is calculated using the strong field approximation (SFA) [30] . The nonlinear polarization of the medium is calculated from the single-atom time-dependent dipole moment, that is obtained by solving the Lewenstein integral:
where n is the direction of the dipole, A denotes the vector potential of the laser pulse, d the dipole matrix element for the bound-free transition, and S(p, t, t ) the quasiclassical action. Finally, in step (3) the harmonic field is propagated until the detection point by solving the same wave equation as in (1), but with the source term being the non-linear polarization of the medium as calculated in (2) . The dispersion and absorption of the harmonics are taken into account.
To gain further insight to the process, the electron trajectories are calculated using a method based on the solution of the saddle-point equations with complex-valued variables [31] :
where α(t) = t A(t )dt and p s is the canonical momentum.
This method has been integrated into the main 3D non-adiabatic model and facilitates the control of the whole HHG process at optical half-cycle level by giving direct information about the trajectories of interest: ionization (t b ) and recollision times (t r ), canonical momentum (p s ) and trajectory phase. The phase accumulated by an electron trajectory which generates harmonic order q at a specific burst k in time during the laser pulse is calculated with equation:
Our intention is to perform simulations with pulses that can be routinely obtained in laboratories, and we demonstrate that even with long pulses it is possible to obtain both extended cutoff and high photon yield. Additionally, we show that SAP can also be obtained by filtering the cutoff region and the detector placed in the far-field.
In the simulations we carefully selected parameters that are available or feasible in HHG laboratories. The main input parameters are the following: primary pulse (MIR): λ MIR = 1300 nm, E MIR = 2. cell), linearly polarized, parallel to each other and propagate in the same direction. The time delay between the two pulses is kept zero and both pulses are focused with a f = 50 cm mirror into a 6 mm long static cell filled with 500 mbar Ne. The interaction region is placed 10 mm upstream the laser focus, because it has been shown [32] , [33] that in the high-pressure and high ionization conditions it is advantageous to place the cell before focus. At this position the peak intensity of the primary (MIR) driving pulse when entering the cell is 3.7 · 10 14 W/cm 2 and the beam radius is 92 μm. Similarly, the peak intensity of the secondary (NIR) pulse is 0.6 · 10 14 W/cm 2 at cell entrance. The role of the parameter choice will also be discussed in the next section, with special attention paid to the beneficial role of the longer then usual gas cell. The focusing and generation medium conditions employed in this particular case study were inspired by the real experimental conditions used in a series of experiments at MBI Berlin. In Fig. 1(a) we schematically represent the geometrical arrangement of the studied configuration. The beams propagate from left to right along z axis, z = 0 in the focus. In Fig. 1(b) and (c) we show the MIR and NIR pulses at the entrance and at the end of the HHG cell, respectively. The reasons and consequences of the strong pulse distortion will be discussed in Sections III-D and III-E.
III. RESULTS AND DISCUSSION

A. HHG Spectra: Cutoff and Yield
Throughout the paper harmonic yields and power spectra are given in arbitrary units as given by the SFA Lewenstein integral. However, the results obtained in different HHG configurations are directly comparable and allow a relative measure of the harmonic efficiency. We show typical near-field HHG spectra at the end of the medium in Fig. 2 . By adding a very weak NIR pulse to the main MIR, the HHG spectrum changes drastically: the MIR-only cutoff was at 200 eV, while the two-color spectrum's cutoff is reduced to 160 eV. On the other hand, the efficiency of the two-color HHG is increased by an order of magnitude compared to the MIR-only spectrum in the whole Fig. 2 . Simulated near-field HH spectra at the exit of the cell. Gray: spectrum generated with the MIR pulse only. Black: HH spectrum obtained with combined MIR+NIR pulses. Laser parameters and generation conditions are in the main text. Fig. 3 . The presence of a perturbative NIR pulse changes the half-cycle symmetry of elementary high-harmonic dipole emissions. Central part of the combined pulse shape is shown with the dipole emissions filtered between H159 and H167. The lines with dots at the ends describe the electron trajectories in the Kramers-"Henneberger frame.
spectral range up to the two-color cutoff. We note that the NIR pulse alone does not produce harmonics in this spectral range, so its effect is solely assisting the MIR harmonic generation.
In the following we explore the mechanisms that cause cutoff reduction and yield enhancement when a very weak NIR pulse assists the HHG process. In addition we will examine the conditions for obtaining SAP in this configuration.
B. Single-Dipole Generated in a Two-Color Field
It is already visible in Fig. 2 that the two-color spectrum has denser line structure. This is due to the fact that the presence of an assisting NIR pulse alters the half-cycle symmetry of the MIR field. In Fig. 3 we show the single-dipole response of the medium in the combined field. The elementary bursts occur with a periodicity of 1.5 o.c. of the driving MIR pulse, which corresponds to an "effective wavelength" which is the least common multiple of the 790 and 1300 nm, i.e. approximately 3900 nm. As seen in Fig. 3 a very weak NIR pulse is sufficient to induce the large temporal spacing of successive dipole emissions. To understand the cutoff mechanism in this particular twocolor field we look in more detail at the harmonic signal in the ≈150-160 eV spectral range, corresponding to harmonics from order 159 (H159) to 167 (H167). The time-dependent emission of this field at the entrance in the medium is shown in Fig. 3 . At the beginning of the interaction region the two laser pulses are unperturbed, and this spectral range belongs to the plateau region, therefore the short and long trajectory components are well separated. Performing the trajectory analysis for H159 at different positions in the cell, and comparing the durations of the trajectories (τ = t r − t b ) contributing to the same harmonic burst in the absence and in the presence of the assisting NIR pulse, we see a clear trajectory shortening caused by the weak NIR (Fig. 4) . The released electrons spend shorter time in the continuum in the two-color field, therefore they are less exposed to wave-packet spreading. Since the main disadvantage of using MIR as driving pulse for HHG is the serious wave-packet spreading, the trajectory shortening will reduce this disadvantage and contribute to the relatively increased HHG efficiency. We consider that the increased efficiency in the present case has also macroscopic contributions, i.e. due to propagation effects, as we will see in the following.
C. Role of NIR Field During Propagation
The intensity of the assisting NIR pulse is low compared to the MIR pulse intensity, however, it strongly influences the ionization mechanism throughout the propagation. At the beginning of the interaction region the ionization level is 8% for the two-color case, while only 0.8% in the MIR-only case. After 6 mm of propagation in 500 mbar Ne the ionization fractions are 0.9% and 0.8% respectively. We emphasize here that even less then 1% ionization fraction causes a non-negligible electron density because of the high gas pressure [32] , therefore the conditions for HHG cannot be considered being (close to) neutral. In fact an ionization rate of 0.8% lays between the critical phase-matching ionization rates for the 1300 nm (0.4%) and 800 nm (1%) driver pulses [34] . 5 shows the evolution of the MIR peak intensity during propagation alone (a) and in the presence of the weak NIR pulse (b). In the latter case the MIR is exposed to stronger distortion: although the interaction region is before the laser focus the pulse intensity decreases, but reaches an almost constant effective intensity which is maintained in the second half of the gas cell and extends also in radial direction for about 50 μm. The reduced MIR intensity in the two-color configuration is the reason for the reduced cutoff seen in Fig. 2 . Indeed for 4 × 10 14 W/cm 2 peak intensity the single-atom cutoff is at 220 eV, while for 3 × 10 14 W/cm 2 it is at 170 eV, values which are comparable with the cutoffs seen in the near-field spectra in Fig. 2 . Propagated laser (Fig. 5(b) ) and harmonic (Fig. 6 ) field intensities exhibit a clear correlation between their spatial structures. In particular we note that, unlike the usual one-color case, the cutoff harmonics are formed off-axis, where the total laser intensity is higher than on-axis and the phase-matching conditions seem to facilitate the coherent construction of the cutoff harmonics. The off-axis generation also increases the effective gas volume, hence it also contributes to the increased generation efficiency shown in Fig. 2 .
D. Harmonic Field Build-Up
We examine now the circumstances of how the strong harmonic radiation in the cutoff region is formed. In Fig. 6(a) we show the (ω, r) map of the harmonic field intensity at the exit of the medium. It is clear that the main contribution to the spectral Fig. 7 . Top row: Radial structure of the dipole emissions in the H159-H167 spectral range as they are emitted in the relevant part of the driving pulse. At three particular positions during pulse propagation in the HHG cell these (t,r) maps are presented (from left to right): at 50%, 75% and 100% of the cell. Bottom row: the same structure as above presented for the propagated harmonic field. The scale for all color maps is logarithmic, covers two orders of magnitudes, the units are arbitrary, but the same within one row. The rectangular windows follow the evolution of the burst which at exit will be the highest in intensity. The time is plotted in optical cycle units of the 1300 nm field (4.33 fs) with zero time at the pulse center.
power comes from off-axis harmonic radiation, as we already anticipated in the preceding section. Selecting one harmonic order (H159) we can follow the construction of this harmonic along the medium, and this is shown in Fig. 6(b) . This harmonic order meets favorable phase-matching conditions in a band at ≈ 30-50 μm off-axis. It is also shown in Fig. 6(b) that the field sources (the oscillating single dipoles) build-up constructively only in the second half of the medium, so that at the exit an intense XUV radiation can be detected. The region where the H159-H167 spectral domain is amplified coincides with the region of slow intensity variation of the driving MIR pulse in z direction, see Fig. 5(b) .
Since the two laser fields are multi-cycle pulses, it is expected that at dipole level there are multiple emissions within the combined pulse, as seen in Fig. 3 . In the 3D model there is the possibility to follow the harmonic build-up also in time in the reference frame moving together with the generating pulses. In Fig. 7 we show the evolution of the single-atom dipole emissions (top row) throughout the generation cell, along with the propagated harmonic field (bottom row) as it is constructed from the coherent superposition of successive dipole emissions. As we observe, significant dipole emission is in the leading edge of the main MIR pulse. Comparing Figs. 1 and 7 , we see that the pulses suffer serious reshaping and the rising edge will be responsible for HHG. Following the process of coherent build-up of the harmonic radiation we can see that the successive emissions find favorable phase-matching conditions in just one single half cycle, this is at −4 o.c. in the leading edge of the main MIR pulse. The first remark here is that this particular time-window within the pulse becomes "active" only in the second half of the gas cell. In fact this burst is built mainly from the high intensity harmonic field seen at around 35-40 μm in Fig. 6(a) which develops also in the second half of the medium, as evident in Fig. 6(b) for H159. The second thing to remark is the big difference between the dipole emissions and the propagated harmonic field, especially on-axis. Indeed, the on-axis emission seen in the dipole in the earlier cycles (from −7 to −4 o.c.), do not find favorable phase-matching conditions during propagation and fail to build up to a strong coherent XUV radiation. This is due mainly to the higher dispersion induced on-axis by the rapid variation of the intensity and hence ionization level (see in Fig. 5(b) the drop of the initial intensity), and is a clear example in which propagation effects are dominant in the HHG process. On the other hand this is also an example of how propagation can help to obtain SAP by weakening all emissions but one.
The trajectory analysis offers a zoom into the details of the harmonic burst construction process. We try to answer the question: what properties make the off-axis radiation at −4 o.c. to survive and become the strongest in intensity in near-field? In Fig. 8(a) we present the durations of the electron trajectories that recombine with the parent atom around −4 o.c. and which contribute to H159. We also present in Fig. 8 (b) the corresponding phase variation of the trajectories. It is worth to note that these trajectories appear only in the last third of the medium, which extends from −6 to −4 mm (the cell begins at −10 mm). One can immediately note that these trajectories, especially the shorter one, have small phase variation as propagation proceeds, therefore their contributions to the burst at −4 o.c. will interfere constructively yielding a strong harmonic emission at the medium exit. As a comparison, we examined the phases of the trajectories generating the burst at −6 o.c. on-axis at the same order H159 (see their durations in Fig. 4 ) and saw that in the same propagation domain (from −6 to −4 mm) these phases vary 20-40 radians. It is thus expected that at −6 o.c. on-axis there is no strong XUV pulse detectable at the end of the HHG cell, as can be followed on the panels in Fig. 7 .
E. Single Attosecond Pulse
We are interested in SAP features not only in the near-field but also after the XUV radiation leaves the interaction region, in the far-field. This is why we examine here the XUV near and far fields in the spectral range around the cutoff, i.e. 150-160 eV. In Fig. 9 we present the radially integrated harmonic field as it is detected in time domain: black is in the near-field just at the medium exit, while the gray curve shows the signal detected in the far-field. In our calculation we assume that the XUV radiation is detected 1.2 m downstream the HHG cell after it passes through and iris of 10 mm diameter placed in the far field.
As one can see from Fig. 9 the near-field harmonic emission has one main attosecond pulse followed by two satellites. The strongest pulse corresponds to the radiation at −4 o.c. which is generated at 35-40 μm away from the optical axis, as seen in Fig. 7 , while the two following bursts come from the successive emissions which are farther off-axis and much weaker. The intensity ratio of the strongest and the second strongest pulses is 7.6:1. This is not an exceptional contrast, but we note that these pulses are separated by 6.5 fs. This large time delay might be exploited in pump-probe experiments, or temporally filtering the satellites the strongest SAP could be used in the desired applications. The main attosecond burst's duration is 530 attosec FWHM and has a remarkably good contrast. This is due to the fact that all the contributions to this burst are emitted in a narrow time window for several micrometers in radial direction (see Fig. 7 ). This is not a world record in SAP duration, but this is also not the main advantage of the proposed arrangement. We consider the main feature of this scheme the production of isolated attosecond burst from HHG performed with two long laser pulses, each of 50 fs duration.
The spectral filter for SAP is in the cutoff spectral region, yet we can identify two sets of contributing trajectories with comparable time spent in the continuum as seen in Fig. 8 . Analyzing their recombination times we found that the cut-off "shorter" trajectories recombine at slightly earlier times and give the sharp leading edge and peak of the SAP in Fig. 9 ., while the cut-off "longer" components give the trailing edge of the SAP.
Looking at the temporal structure in the far-field, we see a clear SAP with the same high contrast in the leading edge as in the near-field. However, this time the two satellite pulses are no longer present in the far-field. This is due to the iris placed in the far field, which clips the field emitted with a divergence larger than 8 mrad. We examined the harmonic field divergence of the two satellites and saw that most of their harmonic components in the studied spectral range are emitted with divergences larger than 10 mrad therefore do not reach the far-field. The SAP FWHM in the far-field is 700 attoseconds, slightly longer than the pulse duration estimated in the near-field. This can be attributed to the curved pulse front of the harmonic beam in the far field, which yields a delayed pulse peak off-axis, and increases the duration of the radially integrated pulse.
We also investigated the stability of the SAP generation with respect to a very sensitive parameter which is the MIR pulse energy, exposed to shot-to-shot fluctuations in the experiments. We performed additional simulations with +/− 10% MIR pulse energy, while keeping the NIR pulse energy unchanged at 0.25 mJ. The first natural result was the shift of the cutoff, therefore we have also set a new spectral window for the attosecond pulse generation to be now 150-166 eV in order to include all three cases. The results show that primarily the SAP structure is preserved, both in near-and in far-field. Also the durations of the SAPs are similar, 300 attosec in the near-field. However, the best efficiency of SAP generation is found to be with the parameters discussed in the paper. With +10% pulse energy the satellites became more pronounced, thus reducing the intensity of the central SAP. Further increasing the MIR pulse energy leads to double attosecond pulse. With −10% MIR pulse energy the cutoff is lower, therefore the spectral filter catches less radiation, again leading to decreased SAP efficiency.
IV. CONCLUSION
In this paper we explored a HHG case which shows the potentials of strong mid-infrared pulses in order to obtain high photon flux up to 160 eV. In our configuration the strong MIR pulse is assisted by a weaker NIR pulse, a case which was not investigated before and is a novel alternative to the well-known two-color HHG.
In summary, we have shown that in HHG by a strong 1300 nm and a relatively weak 800 nm field: (a) At single-dipole level the periodicity of the successive emissions is increased to 1.5 o.c. of the MIR pulse, this means harmonic bursts once every 6.5 fs. (b) Even such a weak NIR presence (1 × 10 14 W/cm 2 peak intensity in focus, but being before focus at −10 mm, the NIR never goes beyond 0.6 × 10 14 W/cm 2 ) changes the ionization dynamics within the combined pulse, causing serious intensity decrease for the primary MIR field shortly after the entrance in the medium, thus reducing the cutoff. (c) An almost constant "working intensity" is set in the second half of the long, highpressure gas cell both along the propagation axis (z) and radially up to 40 μm, creating therefore a domain where the intensity gradient is small, this being a necessary condition for efficient, phase-matched HHG, increasing the overall harmonic yield by an order of magnitude compared to the MIR-only case.
We also demonstrated that there is a great possibility to obtain a SAP from the cutoff region in this MIR (strong) + NIR (weak) arrangement. The biggest advantage of the presented configuration is that the SAP has been obtained by using two laser pulses of 50 fs duration each, in parallel polarization.
The main message of this study is that exploring experimentally feasible generating conditions, it is possible to obtain strong XUV radiation up to 160 eV by two-color HHG, and even SAP can be obtained from 50 fs pulse with parallel polarization by filtering the cutoff domain (150-160 eV). The duration of the predicted SAP is ≈700 attoseconds because of the inherent atto chirp of the generation process and the enlarged trailing edge of the pulse in the far-field. However, it is centered at 155 eV, making it useful in pump-probe experiments requiring high-energy photons which can deepen our knowledge about the electron dynamics in molecules and solids at its natural time-scale.
